Polynomials
This is one of a series of review packets to refresh Algebra 1 topics for the Geometry student preparing to move on to Algebra 2. Examples, practice problems, and solutions are included.
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Simplify Expressions
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QUOTIENTS OF MONOMIALS  In the following examples, the definition of
a power is used to find quotients of powers. Look for a pattern in the exponents.

5 factors 6 factors
L iAI’ /i’ 4-4 3° ZIY Zlf 3-3-3-3
4y 2 =3:8:3:3:33 _3.3.3. 4
T raA 4-dor& B T 3-3-3-3o0r3
11 19

3 factors 5 — 3 or 2 factors 2factors 6 — 2 or 4 factors

These and other similar examples suggest the following property for dividing powers.

Quotient of Powers

* Words To divide two powers that have the same base, subtract the
exponents.

* Symbols For all integers m and n and any nonzero number a, ‘:l,, =am-n

15
* Example 7]—, =[IE=U6r
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[ZZITIW Quotient of Powers
Simplify %. Assume that a and b are not equal to zero.

5] 5

% = (”7)(%) Group powers that have the same base.
=@ ") ~3) Quotient of Powers

a*h® simplify.
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* Words To find the power of a quotient, find the power of the numerator and
the power of the denominator.

* Symbols For any integer m and any real numbers a and b, b # 0, (%)m = %.
* Example (5)5 = %

Power of a Quotient
Simplify (@)4.

2 )4 [
3 T

=3 Power of a Quotient

24t
—37 Power of a Product

169
S Power of a Power
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Zero Exponent

* Words Any nonzero number raised to the zero power is 1.
* Symbols For any nonzero number a, a® = 1.
* Example (-0.25)°=1

Zero Exponent

: Simplify each expression. Assume that x and y are not equal to zero.

N

325\0
(331 o
£s0
b=
B P
t t
_£ —
=7 Simplify.
= Quotient of Powers
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I Negative Expone

* Words

* Symbols

* Examples

For any nonzero number a and any integer n, a~" is the reciprocal of
a". In addition, the reciprocal of a=" is a".

For any nonzero number a and any integer n, a~" = i 1,, =&t
2

5e= 51 or 5 =m3

1
25 m3
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Negative Exponents

© Simplify each expression. Assume that no denominator is equal to zero.

b3 _ - y
== Wite as a product of fractions.
-BIFE o
= % Multiply fractions.
e
b. 21a%7c~3

ﬁ%‘iygg = (;—13)(%)({7)(71;) Group powers with the same base.

_ —71 a4~ 207 - 7Y(&) ﬁuo:is_em of Powers and
legative Exponent Properties

= ’71 ~6p0c5 Simplify.
_ -1 1) Negative Exponent and
B ari O
7 a5 /(1) Zero Exponent Properties
&

55 Multiply fractions.
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DEGREE OF A POLYNOMIAL A polynomial is a monomial or a sum of

monomials. Some polynomials have special names. A binomial is the sum of two
monomials, and a ﬁ is the sum of three monomials. Polynomials with more

than three terms have no special names.

Trinomial
X+y+z
13n 2a + 3¢ p2+5p+4

—523 6x2 + 3xy | a?—2ab— b2
3v2 — 2w + ab®

Binomial

Monomial
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Identify Polynomials

© State whether each expression is a polynomial. If it is a polynomial, identify it
© as a monomial, binomial, or trinomial.

Monomial, Binomial,

i jal?
Expression Polynomial? or Trinomial?
Yes, 2x — 3yz = 2x + (—3yz). The . .
a 2x =3z expression is the sum of two monomials. LT
b. 8n8 + 502 No.5n 2= %, which is not a monomial. none of these
-8 Yes. —8 is a real number. monomial
Yes. The expression simplifies to
d.| 422 + 5a+ a+ 9 | 4a% + 6a + 9, so it is the sum of three trinomial
monomials.
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The degtee of a monomial i the sum of the
exponents of all its variables.

The degree of a polynomial is the greatest degree
of any term in the polynomial. To find the degree of
a polynomial, you must find the degree of each term.

Degree of a Polynomial

* Find the degree of each polynomial.

Polynomial

Monomial

“2xy272

1+2+30r6

Degree of | Degree of

Each Term | Polynomial

0

a. 5mn? 5mn? 3 3
b.| —4x%2+3x2+5 —4x2y2,3x2, 5 4,2,0 4
c. \(3a+ 7ab — 2a2b + 16 | 3a, 7ab, 2a%b, 16 | 1,2,3,0 3 )
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WRITE POLYNOMIALS IN ORDER  The terms of a polynomial are usually
arranged so that the powers of one variable are in ascending (increasing) order or
descending (decreasing) order.

Arrange Polynomials in Ascending Order
Arrange the terms of each polynomial so that the powers of x are in ascending
order.
L 732 4 2xt =11
722+ 2t =11 =702 + 22 — 110 X0 -1
= —11+ 7x2 + 2x* Compare powers of x: 0 <2 < 4.

b. 2xvi? + % + 5% — 3x%y
202 + % + 52° — 3%y
=2clP + 2+ 5% — 3%yl x=x'
Y2+ 2xy® — 3x%y + 52 Compare powers of
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ADD POLYNOMIALS  To add polynomials, you can group like terms

horizontally or write them in column form, aligning like terms.

Add Polynomials

Find (322 — 4x + 8) + (2x — 7x2 = 5).

Method 1 Horizontal

Group like terms together.

(B3x2 — dx + 8) + (2x — 722 — 5)
=[3x2 4+ (=7x2)] + (—4x + 2x) + [8 + (—5)] Assodiative and Commutative Properties
=—4?-2x+3 Add like terms.

Method 2 Vertical

Align the like terms in columns and add.

3x2 — 4x + 8  Notice that terms are in descending order
with like terms aligned.
() -72+2x—5
—4x2 - 2v+3
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SUBTRACT POLYNOMIALS  Recall that Polynomial ‘ Additive Inverse
you can subtract a rational number by adding
its opposite or additive inverse. Similarly, you
can subtract a polynomial by adding its additive | 2" — 6y +11| —2%+6y—11
inverse.

To find the additive inverse of a polynomial,
replace each term with its additive inverse or

opposite.





image20.png
Subtract Polynomials

© Find 3n% + 13n* + 5n) — (7n + 4n%).

© Method 1 Horizontal
Subtract 7n + 4n° by adding its additive inverse.
(Bn? + 13n% + 51) — (7n + 4nd)

= (3n2 + 13n® + 5n) + (—=7n — 4n®) The additive inverse of 7n + 4n® is —7n — 4n3.
=3n2 + [13n3 + (—4n3)] + [5n + (=7n)] Group like terms.
=3+ 9n® —2n Add like terms.

© Method 2 Vertical

Align like terms in columns and subtract by adding the additive inverse.
R 32 + 130° + 5n
=) 4+ Add the opposite. ) 4B -7n

3n2+ 9n® —2n

© Thus, (3n% + 131 + 5n) — (7n + 4n%) = 3n® + 9n® — 2n or, arranged in descending
order, 913 + 3n2 — 2n.
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PRODUCT OF MONOMIAL AND POLYNOMIAL ' The Distributive
Property can be used to multiply a polynomial by a monomial.

Multiply a Polynomial by a Monomial
ind —2x2(3x% — 7x + 10).

Method 1 Horizontal

2¢%(3x2 — 7x + 10)

—2x%(3x2) — (—22)(7x) + (—2x2)(10)  Distributive Property

—6xt — (—1423) + (—20x2) Multiply.

—6x* + 1423 — 2022 simplify.
Method 2 Vertical

3x2 — 7x + 10

X) —2x2  Distributive Property

Multiply.
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Simplify Expressions
Simplify 4342 + 5d) — d(d* — 7d + 12).
4(3d2 + 5d) — d(d® — 7d + 12)
= 4(3d?) + 4(5d) + (—d)(d?) — (—d)(7d) + (—d)(12)
= 1242 + 20d + (=) — (—7d%) + (—12d)
= 1242 +20d — d® + 7d* — 12d
= —dB + (1242 + 7d?) + (20d — 12d)
= —d® + 1942 + 84

Distributive Property
Product of Powers
simplify.

Commutative and
Associative Properties

Combine like terms.
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SOLVE EQUATIONS WITH POLYNOMIAL EXPRESSIONS Many
equations contain polynomials that must be added, subtracted, or multiplied before
the equation can be solved.

Polynomials on Both Sides
Solve y(y — 12) + y(y + 2) + 25 = 2y(y + 5) — 15.
Syl —12)+yly +2) +25=2y(y + 5 — 15 Original equation
C P -12y+y +2y+25=2y%+ 10y — 15 Distributive Property
242 — 10y + 25 =2y? + 10y — 15 Combine like terms.

—10y +25=10y — 15 Subtract 22 from each side.

—20y +25=—15 Subtract 10y from each side.

—20y = —40 Subtract 25 from each side.
y=2 Divide each side by —20.

The solution is 2.
CHECK y(y —12) + y(y +2) + 25 =2y(y + 5) =15  Original equation
H 22-12)+22+2)+25222)2+5 ~15 y-2
2(—10) +2(4) + 25 2 4(7) — 15 Simplify.
20 +8+25228 15 Multiply.
Add and subtract.
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MULTIPLY BINOMIALS  To multiply two binomials, apply the Distributive
Property twice as you do when multiplying two-digit numbers.

[Z2ZLT The Distributive Property
* Find (v + 3)(x +2).
Method 1 Vertical

Multiply by 2. Multiply by x. Add like terms.
x+3 x+3 x+3
(X)x+2 (X)x+2 (X)x+2
2x + 6 2x +6 2x+6
x4 3x 2% +3x
2x+3)=2x+6 2+50+6

B X(x +3) =x2+ 3x
Method 2 Horizontal

D+ 3)+2) = x(x +2) + 3 +2)

i = x(x) + x(2) + 3(x) + 3(2)

Distributive Property
Distributive Property

=2+ 2x+3x+6

=x2+5x+6

Multiply.

Combine like terms.
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MULTIPLY POLYNOMIALS  The Distributive Property can be used to
multiply any two polynomials.

The Distributive Property
* Find each product.
a. (4x +9)(2x% = 5x + 3)
(4x + 9)(2x2 — 5x + 3)
= 4x(2x2 — 5x + 3) + 9(2x2 — 5x + 3)  Distributive Property
= 8x3 — 2022 + 12x + 18x% — 45x + 27 Distributive Property
=8x3 — 222 - 33x + 27 Combine like terms.

b. (2 =2y + 5)(6y> — 3y + 1)

LR -2y+5)62 -3y + 1)
= yA6y> — 3y + 1) — 2y(6y*> — 3y + 1) + 5(6y> — 3y + 1) Distributive Property
=6yt =3P +1y2 - 12y + 62 — 2y + 30y> — 15y + 5 Distributive Property
=6yt — 152 +37y2 — 17y + 5 Combine like terms.
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Special Products

* Square of a Sum (a + b)2 = a2 + 2ab + b2
* Square of a Difference (a — b)2 = a2 - 2ab + b2
* Product of a Sum and a Difference (a — b)(a + b) = a2 — b?




image27.png
Exercises Simplify.
oy y -y 12. (3ab)(—4a%) 13, (—4a%)(—5a%c%)

14. (4a%)° 15. (—3xy)2(4x)? 16. (—22)(-32P
17. 3t 18. G + 7(a) 19. (G
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. (—2c%d)*(—3c%)3 =

. (5a%) + 7(a)

LyBgty = yBtEtl

=y
. (3ab)(—4a%") = [3- (—4)](a-a?) (b b%)
—124%"
3 (*4«12:)(*5“3:‘) = (=9 (-5)](@ a*)(x-xh
= 20a%°
. (4a%b)? = 42(@?p?
= 64a%?
- (=8xy)(42)” = (=87 (4)°x?
=9-x%y%- 642
= (9-60)(* 2 (?)
= 576272

(-2)%e?'d"(=3)%c?)?
6cd4(~27)c8

[16- (=21)](c*- %) (d*)
—432¢14d4

L —mnt)? = ~Hm?(n)?

= LS
5)%a%? + 7a°
= 1250 + 7a®

= 1324°

LW = (3

= 3126r 531,441
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3a%bc?)?
1

a2

(@'

—16a3b2
25. i
Syy—2
28 ( = )0
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14673~ \14)\673
— 273 —2—(-3
=20 ( ))
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=50
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4 (8a%)? _ 32(a?)2A(c)?
* 18aZb3ct T 18a2b3c*
9a8b%ct
18a2b3ct

= (e)ea)

= 3@ HEH
_ % qAp1c0
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2. 2585 = RN
= 5@ HEPTHETHe R
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28. () = 1
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Exercises Find the degree of each polynomial.

38. n — 2p* 39. 29n% + 17n’? 40. 4xy + 92322 + 17rs°
41, —6x%y — 2y* + 4 — 8y2 42. 3ab® — 5022 + 4ab  43. 19mPut + 21mn

Arrange the terms of each polynomial so that the powers of x are in descending
order.

4.3 —x+x2-5 45. —2x%3 — 27 — 4x* + xy + 5%
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MULTIPLY MONOMIALS  An expression like ﬁz is called a monomial.

A monomial is a number, a variable, or a product cf a number and one or more
variables. An expression involving the division of variables is not a monomial.
Monomials that are real numbers are called constants.

Identify Monomials

© Determine whether each expression is a monomial. Explain your reasoning.

Expression | Monomial

Reason

== yes —5 is a real number and an example of a constant.

. o The expression involves the addition, not the
praq product, of two variables.

X yes Single variables are monomials.
c o The expression is the quotient, not the product, of
d two variables.

abc® absc abc:a The expression is the product of a

yes

e number, 5 and three variables.
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38.

39.

The polynomial n — 2p2 has two terms, n and
72p2, whose degrees are 1 and 2, respectively.
Thus, the degree of n — 2p2 is 2, the greater of
1and 2.

The polynomial 29n% + 17n%? has two terms,
29n? and 17n2t2, whose degrees are 2 and 4,
respectively. Thus, the degree of 20n% + 17n%% is
4, the greater of 2 and 4.
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40.

41.

42.

43.

The polynomial 4xy + 9x%2 + 17rs® has three
terms, 4xy, Qxazz, and 17r53, whose degrees are 2,
5, and 4, respectively. Thus, the degree of

4xy + 9x%2% + 17rs? is 5, the greatest of 2, 5, and 4.
The polynomial —6x®y — 2y* + 4 — 8y2 has four
terms, 76x5y, 72y“, 4, and 78yz, whose degrees
are 6, 4, 0, and 2, respectively. Thus, the degree of
76x5y - 2y‘1 +4 - 8y2 is 6, the greatest of 6, 4, 0,
and 2.

The polynomial 3ab3 — 5a2b® + 4ab has three
terms, 3ab3, 75azb2, and 4ab, whose degrees are
4, 4, and 2, respectively. Thus, the degree of

3ab® — 5a%b? + 4ab is 4, the greatest of 4, 4, and 2.
The polynomial 19m®n? + 21m®n has two terms,
19m3n* and 21m5n, whose degrees are 7 and 6,
respectively. Thus, the degree of 19m®n* + 21m°n
is 7, the greater of 7 and 6.
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44,3 —x+ a2 -5 =3 —xl +2% - B
=3t+a-x-5
45. —2x%)3 — 27 — 4x? + xy + 5xdy?
:72x2y3727x — 4xt +xy+513y2
4x"+5xy 72r2y +xy — 27
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Exercises Find each sum or difference.

46. (222 —5x+7) — (33 + 22 +2) 47. (2 — 6xy + 7y) + B2 + xy — 1)
48. (722 +4) — (32 + 22— 6) 49. (13m* —7m — 10) + (8m* — 3m + 9)
50. (11m2n2 + dmn — 6) + (5m2n2 + 6mn + 17)

51. (—5p% + 3p + 49) — (2p? + 5p + 24)
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. (202 — 5x + T) — (3 + &% + 2)

= (22— B+ 7))+ (-3 —x* - 2)
=33 + (2% —2?) — Bx + (T — 2)
=-ad+a2-50+5

47. (2% - 6xy + Ty2) + (3% + xy — »?)

= (%4 3 + (<G ) + (- 7)
= 42% — 5y + 6%

48. (722 + 4) — (322 + 2z — 6)

49.

50.

51.

= (722 + 4) + (322 — 22 + 6)
= (72— 32%) — 2z + (4 + 6)
=422 - 22+ 10
. (13m* — 7Tm — 10) + (8m* — 3m + 9)
= (13m* + 8m*) + (=Tm — 3m) + (=10 + 9)
=2im* - 10m - 1
. (11m2n% + 4mn — 6) + (5mn® + 6mn + 17)
= (11m2n? + 5m?n?) + (4mn + 6mn)
+(—6+17)
= 16m?n® + 10mn + 11
. (—5p? + 3p + 49) — (2p® + 5p + 24)
= (—5p® + 3p + 49) + (—2p® — 5p — 24)
—5p” — 2p%) + (3p — Bp) + (49 — 24)
—7p% - 2p + 25
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Exercises Simplify.

52. b(4b — 1) + 10b 53. x(3x — 5) + 7(x2 — 2x + 9)

54. 8y(11y* —2y + 13) —9(3y> — 7y + 2) 55. 2x(x — 12 + 5) — 5y%(3x — 2)
Solve each equation.

56. m(2m — 5) + m = 2m(m — 6) + 16 57. 2(3w + w?) — 6 = 2w(w — 4) + 10
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52.b(db — 1) + 106
= b(4b) — b(1) + 10b
= 46> — b+ 10b
=4b® + 9
53. x(3x — 5) + T — 2x + 9)
x(3x) — x(5) + T(x?) — 7(2x) + 7(9)
=3x% — 5y + 7a® — 14x + 63
=10x% — 19 + 63
54. 8y(11y% — 2y + 13) — 9(3y° — Ty + 2)
= 8y(11y?) — 8y(2y) + 8y(13) — 9(3y%)
= 9(=7y) ~ 9(2)
=88y" — 16y + 104y — 27y° + 63y — 18
=61y — 16y* + 167y — 18
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55. 2¢(x — y* + 5) — 5y’ (3x — 2)
= 2x(x) + 2x(—y?) + 2x(5) — 5y*(3x)
- 5%(-2)
=22 — 2xy% + 10x — 15xy% + 10y2
= 2% — 17y + 10x + 10%
56. m(2m — 5) + m = 2m(m — 6) + 16
2m? — 5m + m = 2m® — 12m + 16
2m? — 4m = 2m® — 12m + 16
—4m=—12m + 16

2w(w — 4) + 10

57. 2(3w + w?) — 6
2w® — 8w + 10

6w + 2w’ — 6

6w —6=—-8w+ 10
14w — 6 =10
14w = 16
6 8 1
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Exercises Find each product.
58. (r—3)(r+7) 59. (42 — 3)(a + 4) 60. (3x + 0.25)(6x — 0.5)
61. (57 — 7s)(4r + 3s) 62. 2k + 1)(K2+7k—9) 63. (4p —3)(Bp2 —p +2)




image46.png
58.

59.

60.

61.

62.

63.

- (1= 3)(r + 7) = (n)(r) + (N)(7) + (=3)(r) + (=3)(7)
=rP+7r—-3r-21
=r2+4ar-21

. (4a — 3)(a + 4)

= (4a)(a) + (da)(4) + (=3)(@) + (=3)(4)
=4a® + 16a — 3a — 12
=4d® + 130 - 12
. (3x + 0.25)(6x — 0.5)
= (3x)(6x) + (3x)(—0.5) + 0.25(6x) + (0.25)(—0.5)
= 18— 1.5x +1.5c— 0.125
=182 - 0.125
. (5r — Ts)(4r + 3s)
= (5r)(dr) + (5r)(3s) + (=Ts)(4r) + (—Ts)(3s)
=20 + 15rs — 28rs — 2157
=20/ — 13rs — 215>
. (2k + 1)(K2 + Tk — 9)
= 2k(k2+ Tk — 9) + 1(K2 + Tk — 9)
= 2k% + 14k% — 18k + k2 + Tk — 9
=2k° + 15k% — 11k — 9
. (4p =3B —p+2)
=4p@p? —p+2) - 337 -p+2)
=12p° —4p®> +8p -9 +3p— 6
=12p° —13p> + 11p — 6
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3 factors 5 factors 2 factors 4 factors

—— e
2.25=2.2.2-2-2-2-2-20r28 32.3'=3-3-3-3-3-30r3¢

- - - - - ° —

3+ 5 or 8 factors 2+ 4 or 6 factors

These and other similar examples suggest the property for multiplying powers.

Product of Powers

* Words To multiply two powers that have the same base, add the exponents.
* Symbols For any number a and all integers m and n, a™ - a” = a™ * .
* Example a%-a'2=a%+*120ra'6
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Exercises Find each product.
64. (x — 6)(x + 6) 65. (4x + 7)? 66. (8x — 5)2
67. (5x — 3y)(5x + 3y) 68. (6a — 5b)? 69. (3m + 4n)?
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64. (x — 6)(x + 6) = 2% — 67
=2 - 36
65. (4x + 7)% = (4x)? + 2(4x)(7) + 72
= 1622 + 56x + 49
66. (8x — 5)% = (8x)? — 2(8)(5) + 5%
= 642> — 80x + 25
67. (5x — 3y)(5x + 3y) = (52)% — (3y)*
=252 — 9y
68. (6a — 5b)2 = (6a)® — 2(6a)(5b) + (5b)%
= 36a% — 60ab + 25b%
69. (3m + 4n)? = (3m)? + 2(3m)(4n) + (4n)®
= 9m? + 24mn + 16n>
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Product of Powers
Simplify each expression.
. (5x7)(x0)
(Gx7)(x6) = (5)(1)(x” - x5) Commutative and Associative Properties
=(5-1)(x7 *6) Product of Powers
=512 simplify.

b. (4ab®)(-7a%b%)
(4abf)(—7a2b3) = (4)(—7)(a - a®)(b® - b3) Commutative and Associative Properties

= —28(a! *(b° %) Product of Powers
—28a%° Simpli
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Power of a Power

- Simplify [(3232.
LB = 332 Power of a Power
: = (3%2 Simplify.

=362 Power of a Power

3120r 531,441  Simplify.
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POWERS OF MONOMIALS  You can also look for a pattern to discover the
property for finding the power of a power.

5 factors 3 factors
————— ——
(427 = ()(@)E@)(#(4) (P = @)

Apply rule for
—42+2+242+2 — +8+8
=4 Product of Powers. ™ = 2

— 410 —

Therefore, (4%)° = 4!° and (z%)° = z2*. These and other similar examples suggest the
property for finding the power of a power.

Power Power

* Words To find the power of a power, multiply the exponents.
* Symbols For any number a and all integers m and n, (@™)" = a™ " ".
* Example (k%)° = k52 or k*
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Look for a pattern in the examples below.

()t = () () () (xy) (6ab)? = (6ab)(6ab)(6ab)
=@ x-x- 0y y-yy =(06-6-6)a-a-a)b-b-b)
=iyt = 6% or 216a°0°

These and other similar examples suggest the following property for finding the
power of a product.

Power Product

* Words To find the power of a product, find the power of each factor
and multiply.

* Symbols For all numbers a and b and any integer m, (ab)™ = a™b™.
* Example (-2xy)? = (-2} or —8x%3




